We expand the literature of volatility and Value-at-Risk forecasting of oil price returns by comparing the recently proposed Mixture Memory GARCH (MMGARCH) model to other discrete volatility models (GARCH, RiskMetrics, EGARCH, APARCH, FI-GARCH, HYGARCH, and FIAPARCH). We incorporate an Expectation-Maximization algorithm for parameter estimation of the MMGARCH and find different structures in volatility level as well as shock persistence. MMGARCH is also able to cover asymmetric and long memory effects. Furthermore, a dissimilar memory structure in variance of WTI and Brent crude oil prices is observed which is supported by additional tests. Parameter estimation and comparison of the models reveal significant long memory and asymmetry in oil price returns. In regard of variance forecasting and Value-at-Risk prediction, it is shown that MMGARCH outperforms the aforementioned models due to its dynamic approach in varying the volatility level and memory of the process. We find MMGARCH superior for application in risk management as a result of its flexibility in adjusting to variance shifts and shocks. the participants of the 5th INREC in Essen and the 10th Energy and Finance Conference in London for advice, remarks, and hints. We are especially grateful to Muyi Li and Guodong Li for discussing their model and providing useful information.
Introduction
Forecasting oil price volatility is crucial for numerous industries. Research has revealed links between oil and other commodities, financial instruments, stocks, and bonds (e.g. Wang et al., 2014 , Kang et al., 2014 , Mohanty et al., 2014 . Furthermore, variance predictions are of great importance to the energy and utility branch.
Typically, volatility of financial instruments and commodities in general, and of oil price returns in particular, are modeled by using Generalized Autoregressive Conditional Heteroskedasticity (GARCH) processes introduced by Engle (1982) and Bollerslev (1986) . However, a complete model covering a variety of stylized facts has not been proposed so far. The so-called Long Memory property is one of these facts. Empirical results show that shocks have a much longer persistence in volatility than simple GARCH models are able to describe (see e.g. Baillie, 1996 , Cont, 2001 . GARCH models have a memory that declines exponentially and only an increased number of parameters provides a suitable fit. To implement this persistence of shocks, Fractional Integrated GARCH (FIGARCH) was proposed . The memory process of FIGARCH models decays hyperbolically. While GARCH models have a short memory, FIGARCH models tend to depict a long memory, are still parsimonious with parameters, and show better performance in predicting future oil price volatility (Kang et al., 2009) .
Researchers aim to find the most suitable and accurate model for decision making in regard to volatility forecasting. Some studies use long memory GARCH-type models (e.g. FIGARCH) to predict future oil price volatility (see e.g. Chkili et al., 2014 , Wang & Wu, 2012 while other studies observe and identify different volatility regimes (Fong & See, 2002 , Nomikos & Pouliasis, 2011 , Chang, 2012 . Motivated from recent literature, we assume that oil price volatility regimes do not only differ in level, but also in shock persistence. A model with varying memory structure would overcome drawbacks of fixed short or long memory. We expect this increased flexibility to provide better results in forecasting future oil price volatility.
We contribute to the literature by showing the presence of different memory types and confirm the existence of a high and a low volatility level in oil return series. Unlike others studies before, which utilize Markov-Regime-Switching models, we apply a mixture of two distinct GARCH models. Li et al. (2013) recently proposed the Mixture Memory GARCH (MMGARCH) which consists of a plain GARCH-part and a FIGARCH-part in volatility and provides a time-dependent and stochastic decision on whether to use short or long memory in each modeling step. With this work, we are the first to test the MMGARCH model against other GARCH-type models in predicting oil price volatility and its application for calculation of the Value-at-Risk.
Additionally to varying memory structures and volatility levels, we find structural differences between the oil blends WTI and Brent. Our results suggest that the persistence of shocks is almost infinite for WTI, while the impacts of shocks for Brent feature a shorter lifespan. This particular finding provides further evidence of a heterogeneous oil price market (Fattouh, 2010 , Liu et al., 2013 . Moreover, we can support the findings of studies observing asymmetric impact of good and bad news on volatility (Aloui & Mabrouk, 2010 , Chkili et al., 2014 . The remainder is structured as follows: in Section 2 we introduce the models to be tested as well as estimation and forecasting methods. Section 3 is devoted to data acquisition and descriptive statistics of the utilized time series. Results are presented and discussed in Section 4. Section 5 concludes this work.
Methodology

Competitive GARCH models
The conditional variance h t in a GARCH(p, q) model depends on the lagged squared residuals up to order q as well as on lagged conditional variances up to order p. Given that the conditional mean of the return series y t is µ t and the residuals are denoted by u t , the GARCH(1, 1) can be written as
where ε t ∼ N (0, 1) i.i.d for all t = 1, . . . , n and F t−1 denotes the sigma algebra generated by the history of the time series. We assume ω > 0 and α, β to be greater or equal to zero to ensure the non-negativity of the variance process as well as α + β < 1 to obtain a stationary process. If it holds that α + β = 1, every shock has an infinite persistence. The model is then called Integrated-GARCH (IGARCH) (Engle & Bollerslev, 1986) . The special case with ω = 0, α = 0.06, and β = 0.94 is part of the "RiskMetrics" of JP Morgan. With these fixed RiskMetrics parameters it is straightforward to model the conditional variance without estimation.
Another class of GARCH models depict the stylized fact of asymmetric impact of positive and negative returns on volatility. Nelson (1991) proposed the Exponential GARCH (EGARCH) which models the logarithm of h t . For normally distributed u t , the EGARCH(1, 1) can be written as (Engle & Ng, 1993) log
Due to its nature, the EGARCH does not have any parameter restrictions. The parameter γ is often referred to as "leverage" parameter. A negative parameter γ indicates that negative returns have a larger impact on volatility than positive returns. Another model to describe asymmetric effects is the Asymmetric Power ARCH by Ding et al. (1993) . Furthermore, it generalizes the power of the modeled volatility. The APARCH(1,1) can be written as
with the restrictions ω ≥ 0, α, β, δ > 0, and γ ∈ [−1, 1]. For the APARCH and following FIAPARCH, a positive leverage parameter γ indicates that negative returns have a larger impact on the conditional variance than positive returns. As mentioned before, GARCH models show only short memory when not highly parameterized. Therefore, models with fewer parameters to cover long memory are needed. FIGARCH(p, d, q) was proposed by Baillie et al. (1996) where d is the fractional integration parameter and p and q are analogues to the order of lag. A FIGARCH(1, d, 1) variance process is defined as
where L denotes the lag-operator. We assume that ω > 0, 0 ≤ β ≤ ϕ + d, and 0 ≤ d ≤ 1 − 2ϕ. The FIGARCH nests the aforementioned GARCH (if d = 0) as well as the IGARCH (if d = 1) with an infinite shock persistence. Another long memory model we implement for comparison is the Hyperbolic GARCH (HYGARCH, Davidson, 2004) . It generalizes the hyperbolic decay of memory by adding a weight b on the fractional difference to overcome the drawback that for any 0 < d < 1 FIGARCH has no unconditional variance (Conrad, 2010) . The HYGARCH(1, d, 1) variance process can be formulated as
The Fractionally Integrated Asymmetric Power ARCH (FIAPARCH) proposed by Tse (1998) is a FIGARCH applied on APARCH innovations. The FIAPARCH(1,d,1) is given by
All parameter specifications of APARCH and FIGARCH have to hold for FIAPARCH as well.
Mixture Memory GARCH
Motivated by Li et al. (2013) , we incorporate a GARCH(1, 1) and a FIGARCH(1, d, 0) component for variance modeling. Let ε t ∼ N (0, 1) i.i.d. for all t = 1, . . . , n. A random mixture between the GARCH and the FIGARCH component is incorporated by introducing a sequence of Bernoulli random variables, (Z t ) t=1,...,n , where P [Z t = 1] = π t . The mixture proportion π t ∈ [0, 1] is addressed at a later point. The Mixture Memory GARCH (MMGARCH) is then defined as
for t = 1, . . . n, where h 1,t denotes the GARCH, h 2,t the FIGARCH component with the aforementioned assumptions applied, and z t is a realization of the Bernoulli random variable Z t at time t. Since z t ∈ {0, 1}, either the GARCH (h 1,t ) or the FIGARCH (h 2,t ) component is applied as instantaneous, conditional variance at time t. Li et al. (2013) show that under the given assumptions of non-negativity and strict stationarity for the respective components, there exists a strictly stationary solution to (2) with finite variance. In view of estimating model (2), we adopt the equivalent ARCH(∞) representation of the FIGARCH component h 2 as introduced in :
where δ i is calculated from the FIGARCH parameters and referred to as FIGARCHweights. The infinite summation needs to be truncated at an index l T < ∞, which is the so-called truncation lag. This truncation lag has to be handled with caution in regard to the hyperbolic decay of the FIGARCH-weights (δ 1 , . . . , δ l T ) and thus, the long memory of the FIGARCH process. In literature, frequently proposed lags range from l T = 50 to l T = 2 000. We set l T = 500 for all long memory models. A dynamic approach for the mixture proportion, that is dependent on a lagged realization of the time series of order one, is implemented. We adopt a logistic link function which was tested in recent research (e.g. Cheng et al., 2009 ). Hence, we define
While Li et al. (2013) implement the absolute (unsigned) value of the time series (|y t−1 − µ t−1 |) for calculating the mixture proportion in Eq. (4), we find that incorporating the absolute value cancels some asymmetric effects; therefore, we employ the signed value. A positive parameter λ 1 indicates that negative deviations from the mean lead to a higher probability of FIGARCH being the instantaneous variance at time t.
EM Algorithm
From Li et al. (2013) , we adopt the following pseudo-log-likelihood function for Model (2) with θ = (m, ω 1 , α 1 , β 1 , ω 2 , β 2 , d, λ 0 , λ 1 ) and t = 1, . . . , n:
where m refers to all parameters associated with the structure of the conditional mean µ t .
Let Ω denote the admissible parameter space originating from the parameter restrictions. The direct maximization of Eq. (5) to find the log-likelihood estimatê
is not feasible. The actual decision on whether h 1,t or h 2,t is the instantaneous variance depends on π t which is unobservable. Hence, the maximization problem (6) is a so-called missing data problem. We incorporate the iterative Expectation-Maximization (EM) algorithm which was introduced by Dempster et al. (1977) to replace the missing data with its conditional expectation. The initial, incomplete data log-likelihood function in Eq. (5) is replaced by the following complete data, substitute log-likelihood function:
where z t is a realization of the Bernoulli random variable as in Eq.
(2) and represents the missing data. The maximization problem reads as follows: Dempster et al. (1977) show that a solution for the substitution problem (8) solves problem (6). Hence, the maximum-likelihood estimate for Eq. (7) is a maximum-likelihood estimate for Eq. (5). Implementing the EM algorithm, we replace the missing data z t with its expected value τ t , conditional on the observed y = (y t ) t=1,...,n and estimatesθ, and obtain the following algorithm structure in the k-th iteration:
E-step
Calculate the conditional expectation τ (k) t of z t with regard to the observations y t and the (k−1)-th estimateθ (k−1) = m (k−1) ,ω
of the (k − 1)-th M-step as follows:
where φ(·) denotes the density of a standard normal distribution andπ
denote the estimates of the respective processes that were calculated in the (k − 1)-th M-step by estimatingθ (k−1) .
M-step
Solve problem (8) by replacing z t with τ (k) t to obtain the estimateθ (k) . 1 If there is no conditional mean structure, we decompose the maximization problem to three separate problems with y t = u t :
Consequently, we obtainθ
by solving Eq. (9), (10), and (11) individually, whereθ
. The main property of the EM algorithm defined above is that the log-likelihood function is monotonically increasing with every iteration, 2 we have
In our implementation, the EM algorithm is terminated after the l-th iteration if
where · 2 denotes the Euclidean norm. The estimateθ (l) is interpreted as a maximumlikelihood estimate for problem (6) and LL(θ (l) ) is calculated as log-likelihood of the given estimation for the initial problem.
It is noteworthy that the EM algorithm is very sensitive to starting values, e.g. one has to carefully calculate or estimate the input values π
for the first E-step (k = 1). While the EM algorithm does not ensure convergence to a global maximum of the log-likelihood function, there are several techniques that increase the chance of converging to such. Deterministic and simulated annealing are considerable (Ueda & Nakano, 1998 , Lavielle & Moulines, 1997 ), but are only tested for mixture density estimation. We implement a highly parallelized, grid-search like estimation for starting valuesθ (0) and π
which is somewhat time-consuming. However, the total estimation time of the EM algorithm is vastly reduced because fewer iterations are needed if the algorithm is initiated with adequate inputs in the first (k=1) iteration.
The calculation of the standard errors of the parameter estimates is based on the missing information principle of Hartley & Hocking (1971) . For technical details regarding the standard errors, we refer to Li et al. (2013) due to their complete derivation of the calculation process for this particular mixture model.
Variance Forecast
In view of the forecasting quality of the different models, the k day-ahead variance at time t, denoted byĥ t+k , is calculated for k ∈ {1, 5, 20}. At time t, we assume y t , µ t , and h t to be known, where h t stems from the parameter estimation of the given model. 3 An increasing window of training data as suggested in recent literature (Chkili et al., 2014 , Hou & Suardi, 2012 is incorporated. For each t in the out-of-sample data a separate parameter estimation is carried out using all available data up to this time, yielding the respective parameter estimates which are used for the forecast at time t.
The GARCH(1, 1) model is then forecasted by
for the 1 day-ahead forecast and bŷ
for the k day-ahead forecast. Note that we use the known variance h t in Eq. (12). However, for Eq. (13), which yields from recursive calculation of the 1 day-ahead forecast, we set u 2 t+i =ĥ t+i for all i = 1, . . . , k − 1. This is justified by the stationarity of the GARCH process. 4 When predicting the variance with RiskMetrics, we useĥ t+1 for all k day-ahead predictions because the underlying IGARCH is not stationary.
The EGARCH forecast is carried out by applying the following equation recursively for k ≥ 1:ĥ
where Φ (·) is the cumulative distribution function of the standard normal distribution (Tsay, 2013) . Forecasting the FIGARCH process, we incorporate the ARCH(∞) representation as in Eq. (3) and calculate the k day-ahead variance recursively bŷ
whereĥ (t+k−1,...,1) := ĥ t+k−1 , . . . ,ĥ t+1 , u 2 t , . . . , u 2 1 is the data vector and δ(L) refers to the vector of the FIGARCH weights. Both vector lengths are determined by the chosen truncation lag. Predicting the HYGARCH process is done analogously to FIGARCH with respect to the additional parameter b.
In order to forecast the APARCH and FIAPARCH, the following additional term has to be calculated prior to calculating any k > 1 day-ahead forecast:
for normally distributed residuals (Ding et al., 1993) , where Γ(·) denotes the Gamma function. Forecasts are then carried out analogously to the GARCH and FIGARCH forecasts.
The MMGARCH forecast consists of a separate GARCH and FIGARCH forecast. The mixing proportion is fixed at the value at time t. The k day-ahead forecast is calculated byĥ
where
is the last determinable mixture proportion andĥ 1,t+k andĥ 2,t+k refer to the GARCH and FIGARCH forecast, respectively.
Forecast evaluation and Value-at-Risk
In order to test and compare the prediction ability of the aforementioned models on the out-of-sample data, we apply different loss functions. We define the root mean squared error (RMSE)
the mean absolute error (MAE)
the QLIKE which represents the loss against a normal likelihood
the R 2 LOG based on Pagan & Schwert (1990) 
and the mixed mean error (MME) for under-predicted values
and over-predicted values
where M denotes the number of observations in the out-of-sample data,ĥ t denotes the forecasted variance at time t and h t denotes the actual, realized variance. The sets O and U are defined as in Brailsford & Faff (1996) , where
MME(U) and MME(O) penalize under-and over-predicted values, respectively. Therefore, both of them can be used to derive results regarding application in risk management. Following Wei et al. (2010) , the realized variance h t is set equal to the squared daily residual
The decision on the out-of-sample performance is made with respect to the smallest error calculated in each loss function. We apply the Superior Predictive Ability (SPA) test by Hansen (2005) to assess the outperformance of a model. The null hypothesis states that the benchmark model is not inferior to the models in its peer.
In order to compare the benefits for risk management applications we forecast the Value-at-Risk (VaR) for each t ∈ 1, 2, . . . , M in the out-of-sample series k day-ahead by
where Q p denotes the p-quantile of the standard normal distribution andμ t+k = E (µ t+k |F t ). We examine the VaR at the 0.01 and 0.05 significance level and at the 0.99 and 0.95 significance level for long and short investment positions, respectively. For testing the VaR, we apply the popular unconditional coverage test by Kupiec (1995) , the conditional coverage test by Christoffersen (1998) , and the alternatives for both tests proposed by Ziggel et al. (2014) . In comparison to the Kupiec and Christoffersen test, the Ziggel alternatives are one-sided and test for i.i.d. observations instead of a first-order Markov chain. We compare the performance of the models in terms of variance forecast quality by the above-mentioned tests for k ∈ {1, 5, 20}.
Data
Our data set consists of daily log return series of the U.S. West Texas Intermediate (WTI) and European Brent crude oil prices which we obtain from the U.S. Energy Information Administration (EIA). We define returns y t of prices P t by y t = log (P t /P t−1 ) for t = 2, . . . , n. The sample data is acquired from 01/01/1995 to 12/31/2014 which yields n = 5024 return observations for WTI and n = 5062 return observations for Brent. The last five years are used for out-of-sample analysis which produces an out-of-sample length of M = 1260 for WTI and M = 1255 for Brent.
This data set allows us to adjust the volatility models with two major crises (Dot-Com 2002 and Financial Crisis 2008) and test them with the decline in oil prices in 2014. The return series of each crude oil blend are displayed in Fig. 1 and 2 . Both figures appear to have volatility clusters, with periods of low returns and periods of high returns.
The descriptive statistics of the return series for both blends are given in Tab. 1. The mean of the two return series is close to zero, but negative skewness, a kurtosis higher than 3, and the significant Jarque-Bera test show evidence of non-normality. This characteristic can be the result of volatility clusters and different volatility regimes. The Ljung-Box test rejects the hypothesis of i.i.d. observation in the squared returns and 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 describe highly significant autocorrelation, 6 which may imply a conditional structure in the variance of the time series. The same test finds autocorrelation in the returns of WTI and cannot reject the hypothesis of no autocorrelation in the Brent returns. The hypothesis of non-stationarity is rejected by the augmented Dickey-Fuller test and the hypothesis of stationarity is not rejected by the Kwiatkowski, Philipps, Schmidt, Shin (KPSS)-test. Therefore, we assume both series to be stationary, a requirement for most time series analysis. Prior to the analysis of the conditional volatility structure of both oil blends, the conditional mean structure is examined. We make use of the Box/Jenkins method (Box et al., 2008) , which applies different autoregressive integrated moving average (ARIMA) models on the return series and compares the Bayesian Information Criterion (BIC) as a measure for the goodness-of-fit. As both time series appear to be stationary, no further differencing (degree of integration) is needed. Furthermore, we cannot identify any lag-order, neither for the autoregressive part nor for the moving average part, that yields a higher BIC than the simple unconditional mean (intercept). 7 Hence, we include an unconditional mean (µ t ≡ µ const.) into the parameter estimation and forecasting in the following section.
Results and Discussion
Estimation Results
The estimation results of the different models are presented in Tab. 2 (WTI) and Tab. 3 (Brent). Both tables show that MMGARCH clearly outperforms all other mod-els regarding the Log-Likelihood (LL) and the BIC, indicating a better fit. All models significantly decrease the autocorrelation in the return and squared return series according to the Ljung-Box statistics of the standardized residuals. Due to the goodness-of-fit of MMGARCH, we conclude that both time series have different volatility structures, which is consistent with the findings of Fong & See (2002) , Nomikos & Pouliasis (2011), and Chang (2012) . All three studies find regimes of low and high volatility in oil future data by applying different Markov-Switching GARCH models. In our approach a link function is used to mix between GARCH and FIGARCH instead of a Markovian transition matrix.
Additionally, we find that these two components do not only distinguish between volatility levels but also differ in the persistence of shocks. This result expands the literature by giving evidence of different decay of shocks during the time period evaluated. Assuming no difference in the memory structure (short or long memory) of the time series, the fractional differencing parameter of MMGARCH would be d = 0 which is not the case for both blends. Hence, each series consist of two different variance components. The first component has a short memory, with weights declining exponentially and a low unconditional volatility. The second component has a long memory with a hyperbolic decline of weights and a high volatility level which is derived from the different dimensions of the parameters ω 1 and ω 2 in MMGARCH.
For the Brent return series, APARCH and FIAPARCH feature a relatively high and statistically significant leverage parameter γ. For both models the parameter is positive which emphasizes that downward movements have a greater impact on the conditional variance than upward movements.The EGARCH reveals the same properties which is consistent with recent literature, e.g. Chkili et al. (2014) . This asymmetric news impact behavior is covered by a large mixing parameter λ 1 in the MMGARCH. The parameter λ 1 increases the proportion of the high-volatility FIGARCH in the variance mixture if large, downward movements in returns are present. Fig. 3 visualizes the estimated mixing proportion of the variance components for the Brent. In contrast, the WTI return series features a less pronounced asymmetry in its variance.
The estimation results also indicate that long memory models feature a better goodness-of-fit than short memory models for the WTI and Brent. This is supported by studies finding long memory and asymmetry in oil price return volatility (e.g. Charfeddine, 2014 , Chkili et al., 2014 Much to our surprise we discover significant structural differences regarding the MMGARCH model in the return series of WTI and Brent. Shocks and elevated variance FIGARCH(1, d, 0 ) decomposes to an IGARCH(1, 1) which is easily shown in the following equation:
The differences in the return and variance series of the WTI and Brent are of a very complex nature. Differences could be caused by variations of the USD/EUR rate and varying local supply and demand. The latter relates to the expansion of hydraulic fracturing in North America, for example. Buyuksahin et al. (2013) analyze the WTI-Brent spread and find evidence that business cycles, storage levels in the United States, and transportation infrastructure explains some of the observed spread. A connection to WTI future markets is also found. Kanamura (2015) focuses on the financialization of crude oil markets and finds significant differences in the correlation of the blends with the S&P 500 index. While these studies identify and aim to explain the price spread, our results indicate that there is also a significant difference in the conditional variance and memory structure of the WTI and Brent. Regarding the calculated standard errors, it is noteworthy that for both blends the mixing parameter λ 1 stands out. Setting λ 1 = 0 prior to parameter estimation to obtain a constant mixing proportion worsens results in view of goodness-of-fit. We assume that the elevated errors are caused by the exponential structure of the link function given in Eq. 4. As for WTI where the parameter λ 1 is not statistically significant, the mixing proportion is somewhat stable and the lagged return has only little impact on it.
Testing the aforementioned IGARCH findings for the WTI blend, we mix two GARCH(1, 1) processes in the MMGARCH model which produces the same result with the same Log-Likelihood. The results are shown in Tab. 4. Inevitably, the GARCH estimates of one GARCH component are identical to the GARCH estimates in the initial MMGARCH model. The second component reveals an IGARCH process with parameter estimates α + β ≈ 1, which confirms our assumptions of an IGARCH effect obtained by the FIGARCH parameter estimates. Having identified an IGARCH process, we loose covariance stationarity which has major effects on variance forecasting. Depending on starting values, the GARCH/GARCH mixture yields another symmetric estimate with mixing proportion parameters (λ 0 ,λ 1 ) = −(λ 0 , λ 1 ), where the parameter estimates for the first and second GARCH component are interchanged. This behavior of the EM-algorithm is perfectly coherent and demonstrates the convergence to a maximum of the Log-likelihood function. 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 
Forecasting Results
Firstly, we compare the results for variance forecasts obtained with the loss functions defined. The calculated errors are listed in Tab. 5. The smallest value for each loss function represented in the rows is given in bold type. For both WTI and Brent, we find that MMGARCH minimizes loss functions; or is close to the minimum value while the hypothesis of not being inferior to any other model cannot be rejected. This hypothesis is tested by Hansen's SPA. Regarding RMSE and MAE, we find that for both blends MMGARCH is superior to any other model tested as it produces the smallest errors. For the QLIKE and R 2 LIKE loss functions, MMGARCH either features the lowest error and hence outperforms the other models or features a similar performance and is not inferior to the best model (QLIKE for 1 day-ahead forecasts). In view of the loss function MME(U), that penalizes under-predicted variances, we find that FIAPARCH is superior to any other model, while other long memory models display very good results. This might stem from their behavior of over-predicting the variance. This becomes more obvious with the loss function MME(O) which penalizes over-predicted variances. For this measure, FIAPARCH and other long memory models are inferior to any other tested model and for all forecasting horizons for WTI and Brent. We hence conclude that predicting future variance of oil prices with a FIAPARCH or FIGARCH process is not recommended due to their tendency to over-predict future variances for this time window. On one hand, this would lead to very conservative VaR-forecasts, on the other hand it could cause excessive hedging costs. The MMGARCH minimizes the MME(O) in all cases except for the 20 day-ahead WTI prediction. We do not detect any differences in forecasting quality of MMGARCH regarding the forecasting horizon. Overall, MMGARCH shows very good performance in variance prediction for different forecasting horizons and outperforms the tested models in most cases for WTI and Brent with respect to the implemented loss functions.
Lastly and more importantly, we compare the performance of the given models in regard to Value-at-Risk predictions and coverage. The results are given in Tab. 6 for the WTI and in Tab. 7 for Brent. Comparing the results of the blend WTI for the short position, we find MMGARCH to outperform most of the other models for all time horizons. Only RiskMetrics has similar coverage performance. The 5% 20 day-ahead forecast has a coverage of 3.6%, but is still closer to 5% than all other GARCH variants (except RiskMetrics, which has a slightly better coverage). However, the Kupiec and the Christoffersen tests reject the 5% 20 day-ahead prediction because of its low coverage. Another rejected test is the conditional coverage (Christoffersen) at 5% 1 day-ahead. The test detects a first order Markov chain in the Value-at-Risk violations, which is an unwanted property. Nevertheless, the statistic is still small (8.9855) compared to the other models (between 18.6987 and 42.3081), which are all rejected except for RiskMetrics. Regarding the long position for WTI the only really concerning drawback regards the 1% long position where MMGARCH under-predicts for all time horizons. Hence, all corresponding unconditional and conditional coverage tests reject the predictions. The 5% long position coverage performance is in line with the other GARCH models. Figure 4 shows the VaR predictions for GARCH, FIGARCH, and MMGARCH over the full out-of-sample period.
The results for the short position VaR of the Brent are very much in favor to the MMGARCH. The unconditional coverage test of Kupiec does not reject any VaR prediction of MMGARCH. Additionally, all other models fail (except the RiskMetrics 1% for all time horizons and the HYGARCH 1 day-ahead 1% forecast). Comparing the conditional coverage test of Christoffersen leads to the same result. Only RiskMetrics passes the 5% VaR test for 1 day-ahead predictions along with the MMGARCH. For 5 and 20 day-ahead MMGARCH is the only model which passes the tests. Thus, we conclude that the competitive GARCH models are too conservative when forecasting short position VaR of the Brent, especially for longer forecasting horizons. The only test which rejects the MMGARCH is the conditional coverage test of Ziggel et al. (2014) at 5% and 20 day-ahead prediction. Based on the test constructions, we conclude that VaR violations do not follow a first order Markov chain (Christoffersen test) but build clusters (Ziggel test) . Clustering is an unfavorable property for any VaR forecast and is caused by the lagged reaction of the 20 day-ahead forecast. Indeed, all competitive models pass this test only because they are too conservative, which has a 50% influence on the test statistic.
For the long position the MMGARCH does not perform as good as for the short position. All predictions for all time horizons under-predict the realized VaR. Hence, all tests reject the model. However, a general statement on which model is to be favored over all long position Brent forecast horizons cannot be made. For the 1 day-ahead forecast APARCH, for the 5 day-ahead forecast EGARCH, and for the 20 day-ahead forecast HYGARCH show the best coverage.
We conclude that MMGARCH has a very good variance prediction power for WTI and Brent in comparison to other models. VaR forecasts for portfolios with oil blends should also concern about different regimes of volatility level and memory. MMGARCH shows very good results for short position VaR predictions, but has a tendency to underpredict VaR for long positions, which is most obvious in the results for Brent.
Additional Remarks and Results
For additional robustness checks, estimation and forecasts were carried out for a rolling time window with fixed in-sample length ofñ = 3800 observations. Estimation results differed very little and there was no qualitative difference neither in the loss functions nor in the VaR forecasting results. As expected, the standard errors of the parameter estimates remained elevated.
In addition, we divided the out-of-sample data into two periods of the same length (2.5 years, approximately 630 observations per period) to cover the sharp decline of oil prices separately. VaR coverage tests and prediction ability of the models performed broadly similar to the previous analysis; MMGARCH showed a minimal better performance in the first period for the 20 day-ahead forecasts. 9 
Conclusions
We are the first to test the MMGARCH on oil price returns and find it to be superior to non-regime-switching/non-mixing GARCH models with respect to the goodness-offit (Log-Likelihood and BIC) and to different measures for variance prediction.
In line with recent literature, the estimation results reveal significant long memory in the variance of Brent and WTI as well as asymmetric properties of the variance.
This suggests that more sophisticated GARCH-type models like APARCH and FIA-PARCH should be utilized in order to capture the aforementioned stylized facts. By incorporating processes with different memory structure, the MMGARCH is able to depict long memory in the variance. With its dynamic and flexible mixture proportion, it also covers asymmetric news impact.
The MMGARCH reveals the existence of different volatility structures. This finding supports results of previous research on regime switching models, for example. In addition to different volatility levels, we detect that these different structures also feature different shock persistence, which has not yet been reported. As for WTI, we find the extreme case of infinite persistence, the so-called IGARCH effect. Comparing the two blends, Brent and WTI, we identify significant differences in structure of the variance components.
In the context of applications in risk management, we find that MMGARCH features the best over-all performance in variance forecasting for different and widely-used models tested. We also find that the long memory models for WTI and Brent tend to over-predict variances yielding very conservative VaR-forecasts. Regarding WTI the MMGARCH performs best in predicting the short-sided VaR. For the long position, it tends to slightly under-predict the VaR yielding an elevated coverage. Results for Brent differ little. The MMGARCH outperforms for short-sided VaR predictions. There is no model to be preferred for the long side, however. In general, we find that MMGARCH tends to cluster less than the models in comparison. We conclude that the differences in VaR prediction might also be caused by the structural difference of the WTI and Brent which has a significant impact on the models performance.
The MMGARCH is a suitable candidate for further research regarding oil price dynamics. Extending the model could include but is not limited to: alteration of distribution of the errors, e.g. from Normal to Student's t-distribution or generalized error distribution as well as substituting the components with asymmetric processes, e.g. a mixture of Asymmetric Power ARCH and Fractional Integrated Asymmetric Power ARCH to capture the gain/loss asymmetry in returns and therefore avoiding clustering in VaR predictions. ) and Ziggel et al. (2014) (UC Zig and CC Zig ) at a given Value-at-Risk level (p) for short and long trading positions. Rejection of the null hypothesis is displayed by * , * * , * * * for 10%, 5% and 1% significance level.
